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PROOF OF THE SIMON-ANDO THEOREM

D. J. HARTFIEL

(Communicated by Joseph S. B. Mitchell)

ABSTRACT. In 1961, Simon and Ando wrote a classical paper describing the
convergence properties of nearly completely decomposable matrices. Basically,
their work concerned a partitioned stochastic matrix e.g.

A1 Eq

A= Es  As

where A; and Az are square blocks whose entries are all larger than those of
FE1 and FEs respectively.
Setting

)

partitioned as in A, they observed that for some, rather short, initial sequence
of iterates the main diagonal blocks tended to matrices all of whose rows
are identical, e.g. Agk) to F1 and Aék) to Fy. After this initial sequence,
subsequent iterations showed that all blocks lying in the same column as those
matrices tended to a scalar multiple of them, e.g.

aFr  [BF

. k _
lim A% = oF AP

k—o0

where a > 0 and 8 > 0.
The purpose of this paper is to give a qualitative proof of the Simon-Ando
theorem.

Let B be an n x n nonnegative matrix. Partition

By B Bi
p_ |Ba B By,
le Bs2 Bs
Choose any column of blocks, say
Big
Ek = | By
Bsk
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If, for all j, any entry in the jth column of Bj which lies in By, is at least as
large as any entry in this column which lies in By;, for all 7, then we say that By is
block column dominant.

Throughout the paper we let

A & Er
A En A Eor
grl 57"2 AT

be an n xn stochastic matrix with each A; being n; xn; and column block dominant.
Let B be an n x m nonnegative matrix. Define

a;(B) = max brj — rnkin bj.

Thus, o; measures the spread of the entries in the jth column of B, and considering
all 7, the distance between the rows.
The next lemma measures the contraction of the spread under multiplication.

Lemma 1. Let B be an n X n nonnegative matrix and ¢ an n X 1 nonnegative
vector. Let 7 and r denote the largest and smallest row sums of B, respectively,
and m the smallest entry in B. Then

a1(Be) < (T —2m)ai(c) + (F — r) ming;.
If 7 <1, then max;(Bc); < max; ¢;.

Proof. First note that for any p,

n
mmaxc; + < E bpr — m) min ¢;
1 k»::l 1
n n
< E bprer < E bpk —m | maxc; +mminc;.
K2 K2
k=1 k=1

Of course if 7 < 1 the right side is bounded by max; ¢;. For convenience, set Be = ¢'.
Then using the inequality above to measure spread,

max ¢, — minc; < [(F —m) max¢; + mmin¢;] — [mmaxc; + (r — m) min ¢;]
3 3 3 3 3 3
< (F—2m)maxc; — (r — 2m) min¢;
3 3

< (F—=2m)ai(c) + (F — r)ming;. O
As in [3], for any nonnegative matrix C, define
1
7(0) = 5 H;%X%: |cik — cji

called a coefficient of ergodicity of C. If

gp = (5p17 s 7gpp—175pp+17 s 75;DT>7
the &;; blocks taken from A, then define
e =maxT(Ep).
P
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In addition, for the remainder of the paper, we let 7 and r denote the largest and
smallest row sums of A; and m the smallest entry in A;, over all i. And also for
the remainder of the paper we denote by B an n x n stochastic matrix

By 612 -+ O1r
B 021 B2 -+ b2
6r1 6r2 Br

partitioned compatibly with A. The role of B in our iteration work is that if we
write A¥T1 = AAF then B will denote A*.

The next two theorems are concerned with the contraction of the rows in all
blocks of AB. Without loss of generality, we consider the 1, 1-block of this product.
A preliminary lemma is needed.

Lemma 2. a;(A1B1 + > o1 E1kbk1) < (T —2m)oy(Br) + (F— 1) + €.
Proof. Note that

o (AlBl + Zglkéld)

k>1

< a;(A1B1) +q; <Z 51k5k1>

E>1
< aj(A1B1) + max Z Eéﬁ’k)éil;’l) — min Z Egi’k)éil;’l)
p
rk>1 rk>1

where a,ﬂ};’“) and 6£];’1) are entries in &1 and 61, respectively, with aﬁ;’“) and 61(5-’1)

lying in rows p and r and columns r and j, respectively. Thus, using Lemma 1,

o <AlBl + Zglk6k1> < aj(AlBl) + H;zzx Z |€§)1Tk) — 6((11k)|6£§71)
k>1 ork>1

Q; (AlBl) +e€
(F—2m)a;(B1) + (T —1) +e.
The result follows. a

<
<

Theorem 1. Let v be a nonnegative number with v < 1. If f_}f;n < a;(By),
then

aj <AlBl + Zglk(SIﬂ) < ya;(By).

k

Proof. By hypothesis,

77"_—;:2; < a;(By)
Thus,
T—r+e<(y—T+2m)o;(B1).
Hence,

(T —2m)a;(B1) + (T — 1) + ¢ < ya;(B1).



70 D. J. HARTFIEL

And by Lemma 2,

o <A1Bl + Zglk(SId) < yay(By).
%

Note, if v is chosen smallest in Theorem 1, then
 (For+e)+ (F—2m)ay(By)
; a;(By) ’
which is decreasing in «(B1). So as «;j(B1) gets smaller, v gets bigger.
On the other hand we have the following. O

Theorem 2. Let v be a nonnegative number with v < 1. If f_}f;n > a;(By),
then

—r+e¢
a; <A131 +Z¢€1k6k1> <~ (m) .
%

Proof. By hypothesis,

Then by Lemma 2,

Q; (AlBl + Zglk6k1> < (F — 2m)05j(Bl) + (? — ﬂ) +e

k
S(F—2m)<%>+(?—z)+e
T—2m
< (F — — +1
< (7 £+E)[7_F+2m+]
T—2 —74+2
<(F_£+E)<r m—i—_v T+ m)
Y —7+2m

_ i
< (F—r—+ — .
slrorve (7—74'2"1)
r—r+e

Let a« = =35,;- Putting Theorem 1 and Theorem 2 together we see that
if o;j(B1) ¢ [0,a], then the next iterate AB, after B, shows contraction of
the rows A1 By + >, E110k1. On the other hand if a;(B;) € [0,a], then so is
a;j(A1By + ), E1kbk1), the next iterate. Thus, under iteration, all blocks tend to
flat matrices and when close remain so.

We now consider a fixed rate of convergence. Set

Y=T—m.
Theorem 1 says that if

then
(i) o (A1B1 + > E1kdr) < (T — m)oy(B1), so there is further contraction of
rows in the 1,1-block of AB, and this block continues the trend toward a flat matrix.



PROOF OF THE SIMON-ANDO THEOREM 71

By Theorem 2, if

T—r+e
T > aj(Bl),
then
(i) ey (AlBl + Z&k&cl) <
k

_ T—r+e
(7 m)< - )
S?_£+67

m

so at this time, this block remains close to a flat matrix, other blocks are handled
in the same way.

We have now shown that after some initial sequence of products, say A,
A?, ..., A%, the blocks of A® are nearly flat, and in the remaining products A5*!,
A2 .. these blocks stay nearly flat. We now show, in addition, that the blocks,
which lie in the same block column, stay almost proportional to the corresponding
main diagonal block in A%.

For this work we need a preliminary lemma. We use that e is a column vector
all of whose entries are 1. O

Lemma 3. Suppose, for all i and j, the largest entry in E;je is less than o. Set
B = A*. Then the entries in 0ije are less than ka.

Proof. The proof is by induction on k. For k = 1, the result is obvious.

Suppose the result holds for k = k. Set B = AF. Then A**! = AB. A typical
off-diagonal block is

Aibij + > Einbrj + Ei; Bj.
r#i,j
Note that

Aiéij + Z Sirém- + Siij e
r#i,j
= Aiéije + Z 51'7«6“'6 + 51'ij6
r#i,j
< EaAl-e + Ea Z gire + Eije
r#i,j

< ko A; + Z Eir 6+&'j6;
r#1,j

since A is stochastic, this is no greater than

(ka)e + ae < (k+ 1)ae. O

This lemma gives a bound on the size of the off-diagonal blocks of A®*. When
these blocks are sufficiently small, we can prove the theorem about the blocks of
future iterates being nearly proportional to the main diagonal block in A°, lying in
its column.
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Theorem 3. Let € > 0 be given. Suppose that after s iterates the rows in the main
diagonal blocks of A% are within € and the entries in the off-diagonal blocks are no
larger than €. Let f; be the average of the rows of the ith main diagonal block of
A® and Fy; the ng x nj matriz whose rows are f;. Then, for all k > s, there are

diagonal matrices fo) and a matriz Ey, such that

D{YFn DY Fu - DIYR,
AF — Dg;)le Dég)FQQ Déﬁ)FQT + B,
DWF, D%Fo - DWE,
where the entries in Ey are no larger than €.
Proof. By the hypothesis,
Fyy EF2 -+ EFY,
eFy1  Fo - EFYy,
A% = . . . + Es
EFrl EF’I"Q T gFrr
where E has entries no larger than . Now,
~ =7, \ ]
gFij
el
I gk )

where the ijth block is displayed in the first matrix of the right side. This block
can be written as

(B&i1 - E&ii—1AEE i1 - EEir) | Fjj

F.;
SHE
where DE;H) is a diagonal matrix whose tth main diagonal entry is the tth row
sum of (551'1 N gAi N .E(c,’ir).

Since A is stochastic, Es,1 = AE, has entries no larger than £. Thus, A**! has
the form of the theorem. Now, duplicating the argument above shows that A* has

Since the columns of the Fj;’s are identical, we can write this matrix as D

the form described in the theorem for all £ > s. O
Putting the results together we have the following. Theorem 1 and Theorem 2
assure that during some initial sequence A', A2, ..., A® all blocks tend toward being
T4r+te

nearly flat and then stay nearly flat. For a convergence rate of 7 —m, —
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determines an upper bound on this nearness to being flat. Thus, if (F—m)* < F_mi,

then for & > s the blocks of A* remain within MT'H: And if (F — m)® > F_%,
then for all k > s the blocks of A*¥ remain within (7 — m)®.

Now Lemma 3 assures that in A® the off-diagonal blocks have entries no larger
than sa. Thus, if we choose the largest s such that (T — m)® > sa, then

(i) A® has all blocks within the larger of (7 — m)® and F_mﬂ of a flat matrix
while

(ii) the off-diagonal blocks of A® are smaller than (7 —m)*.
Thus, by Theorem 3, for this s the blocks of A, for k > s, are within the larger of

(T —m)* and F_% of

k)

T

p¥r, . DWR,

for some diagonal matrices Dg-g). Thus, the row in the jth column blocks are near
scalar multiples of f;. This is the nature of the Simon-Ando theorem.
An example may be helpful.

Example. Let

6999 .3000 : .0001 0

0003 0 i 7997 .2000
0  .0007 : .1000 .8993]

as given in [2]. Here m = .1, 7 = .9999, r = .9993 and ¢ = .0004. For the
contraction rate of the blocks we take 7 — m = .8999. And,

TZILTE _ gy

3

Now solving
(.8999)° > (.0007)s
for the largest such s yields that s = 35 and
(.8999)%° = .0249344.

Hence in the sequence A, A?, ..., A3 the blocks tend to flat matrices, their rows
ending within .0249344. Then for the remaining iterations 43¢, A37 ... the blocks
remain at least this close to flat matrices. And the rows in the ith block column
remain nearly proportional f;.

Of course, as is well known, in the long run the iterates also tend to the flat
matrix whose rows are the stochastic eigenvector for A. O

In conclusion, adjustments can be made on the bounds used in this paper to
obtain a corresponding result for nonhomogeneous stochastic products.
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